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Abstrat. Analogue of lassial Hurwitz numbers is dened in the work for regular
overings of surfaes with marked points by seamed surfaes. Class of surfaes inludes
surfaes of any genus and orientability, with or without boundaries; overings may have
ertain singularities over the boundary and marked points. Seamed surfaes introdued
earlier are not atually surfaes. A simple example of seamed surfae is book-like seamed
surfae: several retangles glued by edges like sheets in a book.
We prove that Hurwitz numbers for a lass of regular overings with ation of xed
nite group G on over spae suh that stabilizers of generi points are onjugated to a
xed subgroupK ⊂ G denes a new example of Klein Topologial Field Theory (KTFT).
It is known that KTFTs are in one-to-one orrespondene with ertain lass of algebras,
alled in the work Cardy-Frobenius algebras. We onstruted a wide lass of Cardy-
Frobenius algebras, inluding partiularly all Heke algebras for nite groups. Cardy-
Frobenius algebras orresponding to regular overings of surfaes by seamed surfaes
are desribed in terms of group G and its subgroups. As a result, we give an algebrai
formula for introdued Hurwitz numbers.
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1. Introdution
In the paper we onstrut new examples of Klein Topologial Field Theories (hereinafter
abbreviated to KTFT) dened in [1℄. The examples are onneted with Hurwitz numbers
for regular overings of Klein surfaes by seamed surfaes. These numbers, generalizing
lassial Hurwitz numbers, are introdued in the work.
A lassial Hurwitz number is a weighted number of non-equivalent meromorphi maps
f : C → P of Riemann surfaes C to a xed Riemann surfae P suh that topologial
types of ritial values pi ∈ P of f(z) oinide with presribed data. Initially these
numbers were introdued by Hurwitz [10℄ for Riemann sphere P . A topologial type of a
ritial value pi is dened by a partition αi of n, the degree of f , into the unordered sum
of positive integers. Atually, Hurwitz numbers depend on a Riemann surfae P up to
isomorphism, a number of ritial values and a set of partitions αi assigned to points of P
that are ritial values of f . Clearly, the partitions of n are in one-to-one orrespondene
with onjugay lasses of the symmetri group Sn.
Forgetting of the analyti struture, Hurwitz numbers an be dened as weighted num-
bers of non-equivalent branhed overings of a xed oriented topologial surfaes P with
presribed types of branhing at xed set of marked points. Again, branhing type is
desribed by a onjugay lass of the symmetri group. Moreover, "analytial" and topo-
logial Hurwitz numbers oinide.
Hurwitz numbers an be generalized to the ase of regular overings of a surfae P
with marked points [8, 5℄. Let a nite group G ats eetively and ontinuously on a
surfae C. Then the projetion of C onto the orbit spae C/G is a branhing overing
and the topologial type of the branhing at a singular point in C/G is desribed by a
onjugay lass α of G. Let r : C/G → P be a homeomorphism suh that images of
singular points oinide with marked points of P . Then the omposite map C → P is
alled a G-overing of P . Assigning a onjugay lass αi to a marked point pi, we an
dene a Hurwitz number in the same way as in lassial ase. If G = Sn then Hurwitz
numbers of G-overings atually oinide with lassial Hurwitz numbers.
In [1℄ Hurwitz numbers were extended to a wider ategory K of surfaes. An objet of K
is a ompat topologial surfae of any genus with or without boundary, orientable or non-
orientable and with xed set of marked points both in the interior and on the boundary of
the surfae. A overing of a surfae Ω ∈ K is dened as a ontinuous map f : T → Ω of a
surfae T ∈ K onto Ω satisfying the following onditions: f is a loal homeomorphism at
interior non-marked points; f is a branhing overing in the neighborhood of an interior
marked point; either f is a homeomorphism or f is topologially equivalent to the omplex
onjugation map z → z¯ in a neighborhood of a point z ∈ T suh that f(z) is boundary
non-marked point.
Topologial type of a overing f : T → Ω at boundary marked point is dened by an
equivalene lass β of ordered pairs (s1, s2) of two elements of order 1 or 2 of symmetri
group Sn. The equivalene is dened by (s1, s2) ∼ (gs1g−1, gs2g−1) for g ∈ Sn. Atually,
Hurwitz numbers of [1℄ depend on a surfae Ω ∈ K up to isomorphism in ategory K, a
set of onjugay lasses αi of group Sn assigned to interior marked points of Ω and a set
βj of equivalene lasses of pairs (s1, s2) assigned to boundary marked points.
A real algebrai urve is a pair (P, τ), where P is a Riemann surfae (representing
the omplexiation of the real algebrai urve) and τ : P → P is an antiholomorphi
involution (representing the omplex onjugation on the omplexiation). The omplex
struture on P generates on the fator spae Ω = P/τ the struture of a Klein surfae [16℄.
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Forgetting this struture, we obtain that Ω is a surfae from the ategory K. Conversely,
eah Ω ∈ K an be endowed with a struture that omes from a real algebrai urve. By
above, Hurwitz numbers of [1℄ an be onsidered as Hurwitz numbers for real meromorphi
maps with values in a xed real algebrai urve.
Next generalization of Hurwitz numbers were done in [2, 3℄ where overings of surfaes
Ω ∈ K by so alled seamed surfaes were onsidered. Combining approahes, in this work
we deal with G-overings of surfaes by seamed surfaes.
Seamed surfaes appear rst in physial models [19, 11℄. Let Ωi ∈ K be a set of surfaes
with marked points. Boundary marked points divide boundary ontours of surfaes into
segments. Let a set of homeomorphisms of the segments is given. Then we an identify a
point of a segment with all its images. Obtained topologial spae is alled a (topologial)
seamed surfae. Images of Ωi in the seamed surfae are alled regular parts. Note, that
more then two segments of surfaes Ωi an be identied with one segment of the seamed
surfae. Thus, a seamed surfae generally is not a surfae. Several opies of a retangle
glued by edges like sheets in a book give an example of a seamed surfae.
Let nite group G ats eetively and ontinuously on a seamed surfae T . Suppose,
G/T is a surfae (not seamed surfae, but a surfaes of ategory K). Then the projetion
f : T → T/G is a loal homeomorphism at a generi point z of T . Note that the stabilizer
K of z is not neessarily trivial subgroup. Clearly, stabilizers of other generi points of
T are onjugated to K. Fix one of that stabilizers, namely, K. The topologial type of
the overing f at interior singular point p is dened by a onjugay lass α of the group
N = NG(K)/K where NG(K) denotes the normalizer of the subgroup. It is shown in
setion 2.3 that topologial type of f at boundary singular point q is desribed by an
equivalene lass β of an ordered pair (S1, S2) of subgroups suh that S1 ⊃ K, S2 ⊃ K.
The equivalene is dened by formula (S1, S2) ∼ (gS1g
−1, gS2g
−1) for g ∈ NG(K).
By analogy with the ase of overings of surfaes by surfaes in ategory K we dene
"topologial" Hurwitz numbers for G-overings of surfaes by seamed surfaes (see setion
2.4).
Following [17, 18℄ it is possible to dene strutures of Klein surfaes on regular parts
of topologial seamed surfaes. (The ase of orientable regular parts of a seamed surfae
and and Riemann strutures on them was onsidered in [19℄.) Using these strutures
we an dene "analytial" Hurwitz numbers. It follows from [17, 18℄ that "topologial"
and "analytial" Hurwitz numbers oinide. In this work we will explore the topologial
ategory of seamed surfaes.
Topologial eld theories were introdued in works [4, 20℄. In the ase of dimension two
it is a system of tensors that are onneted with losed (that is oriented without boundary)
surfaes with marked points. Let P be a suh surfae and V be a xed vetor surfae.
Assign vetor spae Vi ≈ V to eah marked point pi of P and put VP = ⊗iVi. Then
the system of linear maps ΦP : VP → C is all a losed topologial eld theory if ertain
axioms are satised. It follows from [8℄ that the Hurwitz numbers for the G-overings
generate the tensors that form a losed topologial eld theory .
Closed topologial eld theories are in one-to-one orrespondene with ommutative
Frobenius algebras equipped with a xed nondegenerate symmetri bilinear form and
an involutive antiautomorphism [7, 1℄. For a nite group G this Frobenius algebra is
isomorphi to the enter A of the group algebra of G [8℄.
Closed topologial eld theories were generalized to the ase of oriented surfaes with
boundaries [13, 14℄. These theories are alled open-losed topologial eld theories. Klein
topologial eld theories (KTFTs)[1℄ are generalizations of open-losed topologial eld
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theories to nonorientable surfaes. To dene a KTFT, let us x two vetor spaes, A and
B. For any Ω ∈ K we assign a vetor spae Ai isomorphi to A to eah interior marked
point pi of Ω and a vetor spaes Bj isomorphi to B to eah boundary marked point qj .
KTFT is a system of linear maps (orrelators) ΦΩ : VΩ → C where VΩ = (⊗iAi)⊗ (⊗jBj),
satisfying axioms (see setion 3.2). Its restrition to subategory of orientable surfaes is
open-losed topologial eld theory.
Relations between orrelators and their algebrai implementations were desribed in
[13, 14℄ for open-losed topologial eld theory and in [1℄ for KTFT. It was shown in [1℄
that there is a one-to-one orrespondene between KTFT and ertain lass of algebras.
Algebras of that lass was alled struture algebras in [1℄ and renamed to Cardy-Frobenius
algebras in [2, 3℄. Open-losed topologial eld theories an be onsidered as restritions
of KTFTs to the oriented surfaes. The one-to-one orrespondene between open-losed
topologial eld theories and Frobenius algebras endowed with additional strutures was
proved also independently in [12, 15℄.
By denition, a Cardy-Frobenius algebras H is a sum H = A ⊕ B of a ommutative
Frobenius subalgebra A and (typially nonommutative) Frobenius algebra B whih is a
two-sided ideal of H . Algebra H is endowed with additional strutures: unit elements in
algebras A and B, xed nondegenerate symmetri invariant bilinear forms on A and B,
involutive antiautomorphisms of A and B, element U ∈ A. Main ondition establishes a
relation between A and B. That relation is an implementation of Cardy ondition (see
setion 4.1).
Semisimple Cardy-Frobenius algebras were lassied in [1℄.
In this paper we onstrut a series of new examples of KTFTs. First, we prove that
Hurwitz numbers for G-overings of surfaes by seamed surfaes with xed nite group
G and subgroup K whih is the stabilizer of a generi point, generate a Cardy-Frobenius
algebra. Hurwitz numbers of regular overings in the ase G = Sn and K = {e} oinides
with Hurwitz numbers of overings of Klien surfaes by seamed surfaes [2, 3℄. The KTFT
orresponding to the latter Hurwitz numbers and Cardy-Frobenius algebra orresponding
to that KTFT were desribed in [2, 3℄. Note, that nonommutative part B of this Cardy-
Frobenius algebra is an algebra of bipartite graphs.
KTFTs orresponding to G-overings of surfaes by seamed surfaes are inluded in
the work in broader series of examples of KTFTs: we prove that a KTFT orresponds
to any eetive ation of a nite group N on a nite set X . Nonommutative parts of
Cardy-Frobenius algebras for those KTFTs inlude all Heke algebras of nite groups.
We are grateful to E.Vinberg who pointed to us this onnetion. All onstruted Cardy-
Frobenius algebras H = A⊕B are semisimple. To prove it we onstrut a anoni faithful
representation of algebra H in vetor spae VX of formal linear ombinations of elements
of X and prove that the image oinides with the set of intertwining operators for natural
representation of the group N in VX .
Following [1℄, we obtain nally the formula for Hurwitz numbers for G-overings of
surfaes by seamed surfaes in terms of Cardy-Frobenius algebra (see setion 5).
In setion 2 seamed surfaes and G-overings of surfaes by seamed surfaes are dened.
Loal topologial invariants of G-overings are desribed. Using these invariants Hurwitz
numbers are dened and their topologial properties are desribed. In setion 3 by means
of Hurwitz numbers for G-overings of surfaes by seamed surfaes we onstrut a Klein
Topologial Field Theory. In setion 4 we reall a denition of a Cardy-Frobenius algebra
in a bit more invariant form than in [1℄ and assoiate a Cardy-Frobenius algebra with any
ation of a nite group G on a nite set. In setion 5 we show that the Cardy-Frobenius
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algebra ofG-overings of surfaes by seamed surfaes is isomorphi to the Cardy-Frobenius
algebra generated by the ation of of group N = NG(K)/K on a ertain nite set. Finally,
we give an algebrai formula for the Hurwitz numbers.
2. Regular overings of surfaes by seamed surfaes
2.1. Surfaes and seamed surfaes. Two-dimensional ompat manifold Ω, not nees-
sarily orientable or onneted, with or without a boundary, and with nitely many marked
points is alled in the work a surfae for short. Thus, the boundary ∂Ω of a surfae Ω is
either empty or onsists of nite number of ontours. Some of the marked points belong
to the interior Ω \ ∂Ω of Ω other belong to the boundary. We require that any boundary
ontour ontains at least one marked point. An interior not marked point is alled simple.
Orientation of a small neighborhood of a point is alled a loal orientation at the point.
Using marked points we dene a stratiation of a surfae Ω as follows. Marked points
are onsidered as 0-dimensional strata (0-strata), 1-strata are dened as boundary seg-
ments between neighbor boundary marked points at the same boundary ontour, and
2-strata are dened as Ωc \ (∂Ωc ∪ Ωc0) where Ω
c
is a onneted omponent of Ω and Ωc0
denotes the set of marked points in Ωc.
A homeomorphism φ : Ω′ → Ω′′ of surfaes is alled an isomorphism if the image of the
set of marked points of Ω′ oinides with the set of marked points of Ω′′. Therefore, an
isomorphism is ompatible with the stratiations of surfaes.
Closed 1-stratum of a surfae Ω an be either a segment or a irle, the latter ase
orresponds to a boundary ontour with just one marked point. Let δ1 and δ2 be two
distint homeomorphi losed 1-strata of Ω. By a homeomorphism between δ1 and δ2 we
may identify points of δ1 and δ2 and obtain new, glued topologial surfae.
We shell onsider below stratied topologial spaes obtained by gluing more than two
losed 1-strata δ1, δ2, δ3, . . . of a surfae Ω into one stratum by means of homeomorphisms
φ1,2 : δ1 → δ2, φ1,3 : δ1 → δ3, . . . . Several suh gluings are allowed. The obtained
topologial spae is alled a seamed surfae (ompare with [19℄). Seamed surfaes are 2-
dimensional stratied topologial spaes, i.e. all strata are homeomorphi to topologial
manifolds of dimension 2 or less. Thus, a seamed surfae typially is not a surfae.
Formal denition of a seamed surfae is as follows. First, let us dene its 1-dimensional
analog, that is a topologial graph. A graph ∆ is a 1-dimensional stratied topologial
spae with nitely many 0-strata (vertexes) and nitely many 1-strata (edges). It is
required that the losure of any edge is homeomorphi either to a losed segment or to a
irle, any vertex belongs to at least one edge, any edge is adjaent to one or two vertexes.
Connetedness of ∆ is not required. A graph suh that any vertex belongs to at least
two half-edges we all an s-graph. Clearly, the boundary ∂Ω of a surfae Ω with marked
points is an s-graph.
A morphisms of graphs ϕ : ∆′ → ∆′′ is a ontinuous epimorphi maps of graphs
ompatible with the stratiation, i.e. the restrition of ϕ to any open 1-stratum (interior
of an edge) of ∆′ is a loal (therefore, global) homeomorphism with appropriate open
1-stratum of ∆′′.
Let (Ω,∆, ϕ) be a triple onsisting of a surfae Ω (typially nononneted), an s-graph
∆ and a morphism of s-graphs ϕ : ∂Ω → ∆. By identiation points of ∂Ω with their
images in ∆ we obtain a 2-dimensional stratied topologial spae T . Clearly, we may
and will identify ∆ with the subset of T . 0-strata of T are vertexes of ∆ and interior
marked points of Ω, its 1-strata are edges of ∆, its 2-strata are 2-strata of Ω.
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A 2-dimensional stratied topologial spae T homeomorphi (as a stratied surfae)
to a topologial spae obtained by the desribed proedure is alled a seamed surfae.
Note, that any surfae Ω (with marked points) is a seamed surfae.
A topologial spae obtained from a number of opies of retangles
R = {z ∈ C||Re z| < 1, 0 ≤ Im z < 1} by gluing segments (−1,+1) of real axis
into one segment (like sheets are glued in a book) we all a book-like (open) seamed
surfae.
Let ∆ be a seamed graph. A onneted omponent of U \ v where U is appropriately
small neighborhood of a vertex v ∈ ∆ is ontained in one edge; we all it a germ of
the edge. Two germs are alled equal if they are adjaent to the same vertex and have
nonempty intersetion. Thus, any edge has two germs. For seamed surfaes we an
similarly dene germs of 2-strata. We skip the details.
A pair (v, g(e)) onsisting of a vertex v and a germ g(e) of an edge adjaent to v is
alled a ag. Note, that if an edge e is a loop, i.e. both verties of e oinide with v, then
there are two distint ags orresponding to the pair (v, e). If an edge e has two distint
vertexes then there is only one ag orresponding (v, e).
Let C(X) be a topologial one over topologial spae X . Then the topologial spae
C(X) \X is alled an open one over X .
Let T be a seamed surfae, ∆ be the seamed graph of T , ∆b be the set of vertexes of
∆ and U be an appropriate small neighborhood of a point z ∈ T . Then
• if x ∈ (T \∆) then U is homeomorphi to an open dis;
• if x ∈ ∆ \∆b then U is homeomorphi to a book-like seamed surfae;
• if x ∈ ∆b then U is homeomorphi to an open one over a ertain onneted graph
Γ; vertexes of Γ are in one-to-one orrespondene with ags of ∆ adjaent to x
and edges of Γ orrespond to germs of 2-strata adjaent to x.
2.2. Coverings and regular overings. Continuous epimorphi map ϕ : T ′ → T ′′ of
seamed surfaes T ′ and T ′′ suh that the restrition of ϕ to any open stratum of T ′ is
a loal homeomorphism with a stratum of the same dimension of T ′′ we all a overing
of seamed surfaes. A overing that is a homeomorphism is alled an isomorphism of a
seamed surfae, an isomorphism of a seamed surfae with itself is alled an automorphism.
Let G be a nite group, T be a seamed surfae and G→ Aut(T ) be an ation of G on T
by automorphisms of seamed surfae T . Typially, we assume that the ation is eetive.
In that ase we identify elements of G with their images. The seamed surfae T is alled
a G-seamed surfae (it would be better to write 'G-(seamed surfae)'; nevertheless, we
omit the brakets).
An isomorphism φ : T ′ → T ′′ of G-seamed surfaes is alled a G-isomorphism if
gφ(z) = φ(gz) for any g ∈ G, z ∈ T ′.
Let (T,∆, φ) be a G-seamed surfae. Then, obviously, the orbit spae T/G has the
struture of a seamed surfae (T/G,∆/G, ψ) where ψ : ∆/G→ T/G is the indued map
of orbit spae of G ation on the seamed graph ∆ to the orbit spae T/G. Clearly, the
map r : T → T/G is a overing of seamed surfaes. Below we restrit ourselves to the
ase of overings of surfaes (dened in setion 2.1) by seamed surfaes.
Fix a surfae Ω with marked points and a nite group G. A overing f : T → Ω
of a surfae by G-seamed surfae is alled a G-overing if there exists an isomorphism
f∗ : T/G→ Ω suh that f = f∗ ◦ r where r : T → T/G is the map of T onto orbit spae
T/G.
6
Let f ′ : T ′ → Ω and f ′′ : T ′′ → Ω be two G-overings over the surfae Ω. An
isomorphism F : T ′ → T ′′ is alled an isomorphism of G-overings if f ′ = f ′′ ◦ F and
F (g(x)) = gF (x) for any x ∈ T ′ and g ∈ G. Isomorphi G-overings over Ω are alled
equivalent overings. Denote by AutG f the group of automorphisms of a G-overing f .
Two G-overings f ′ : T ′ → Ω′ and f ′′ : T ′′ → Ω′′ are alled topologially equivalent if
there exists a G-isomorphism of G-seamed surfaes F : T ′ → T ′′ and an isomorphism
of surfaes H : Ω′ → Ω′′ suh that f ′′ ◦ F = H ◦ f ′. Note that if two G-overings are
equivalent then they are topologially equivalent. Converse statement is not generally
true: there exist nonequivalent G-overings f ′ and f ′′ of the same surfae Ω whih are
topologially equivalent.
Certainly, all introdued notions an be redued to 1-dimensional ase, i.e. over-
ings of 1-dimensional stratied topologial manifolds - irles, rays and segments - by
1-dimensional "seamed" spaes, i.e. seamed graphs. We skip the details.
2.3. Loal topologial invariants of G-overings. Let f : T → Ω be a G-overing,
U be a small neighborhood of a point p ∈ Ω. Denote by fU the restrition of f to the
preimage Û = f−1(U). Clearly, group G ats on Û and Û/G ≈ U . Similar denotations
we use for an arbitrary subset U ⊂ Ω.
Fix a loal orientation of Ω at point p. For points of any type we will desribe om-
plete set of invariants of the overing fU up to topologial equivalene preserving the
orientations. We show below that overings over a small neighborhood U an be redued
to overings over 1-dimensional spaes: irles, rays and segments. In the ase of one-
dimensional overings topologial equivalene preserving orientations atually oinides
with equivalene of overings. In this setions topologial equivalene means topologial
equivalene preserving loal orientations.
Let p be a simple point of Ω. We may assume that the boundary ∂U = U \ U of U
is a ontour and all points of U and ∂U are simple. In that ase the preimage Û of
U onsists of n diss, n is the degree of the overing. Eah of diss is mapped onto U
homeomorphially. Denote by K the stabilizer of a point z ∈ D of a dis D that is a
onneted omponent of Û . Group K ats trivially on D and Û is G-isomorphi to the
ross-produt G×KD. By denition, ross-produt G×KD is a set of equivalene lasses
in the diret produt G×D; the equivalene is dened by formula (g, p) ∼ (gk, k−1p) for
any k ∈ K. The ation of group G on G×K U is dened by the formula g(h, p) = (gh, p).
G-overing fU : Û → U is topologially equivalent to the G-overing G ×K D → D.
The stabilizer K depends on the hoie of a dis D. Stabilizer K ′ of point z′ from another
dis is onjugated to K: K ′ = gKg−1 where g ∈ G. Thus, the only loal topologial
invariant of G-overing of Ω at simple points is a onjugay lass of the stabilizer K of
any preimage of a simple point; n = |G/K| is the degree of the overing. (|M | denotes
the ardinality of a set M . ) Clearly, stabilizers of all simple points z ∈ f−1(Ωc) where
Ωc is a onneted omponent of Ω are onjugated.
Let p be a marked interior point of Ω. We may assume that all points of U , exept p,
are simple and ∂U is homeomorphi to a irle. Therefore, G-overing f∂U : ∂̂U → ∂U
is topologially equivalent to a G-overing of a irle. Clearly, ∂̂U onsists of a number
of onneted omponents, eah one homeomorphi to a irle. Let S be one of the om-
ponents. Fixed loal orientation at point p indues the orientation of ∂U and S. Denote
by K the stabilizer of a point z ∈ S. Clearly, stabilizers of all points of S oinide with
K. A path around ontour ∂U from f(z) to f(z) in the diretion indued by the loal
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orientation at p indues the path in S from z to a point z¯ ∈ f−1(f(z)) and, therefore,
an element a ∈ G, suh that az = z¯. Element a belongs to the normalizer NG(K) and
is dened up to the stabilizer K. Denote by Ka the subgroup of G generated by K and
a. Group Ka ats on S with kernel K, and, learly, S/Ka ≈ ∂U . Therefore, G-overing
f∂U : ∂̂U → ∂U is topologially equivalent to the G-overing G×Ka S → ∂U .
If we take another onneted omponent S ′ of ∂̂U and another point z′ ∈ S ′ then
we obtain another pair (K ′, a′) where K ′ is the stabilizer of z′ and a′ is element of the
normalizer NG(K
′). Clearly, there exists an element g ∈ G suh that K ′ = gKg−1 and
a′ = gag−1. Thus, the only topologial invariant of G-overing over the boundary of U is
a onjugay lass α of a pair (K, a) where K is a subgroup of G and a is an element of
group N = NH(K)/K.
Note that lasses of topologial equivalene of G-overing f∂U of a boundary ∂U are
in one-to-one orrespondene with lasses of topologial equivalene of G-overings fU
of U beause U and Û an be reonstruted from ∂U and ∂̂U by anonial operations:
U is homeomorphi to an open one over ∂U and any onneted omponent of Û is
homeomorphi to an open one over a onneted omponent of ∂̂U .
Denote by A the set of onjugay lasses of elements of group N = NG(K)/K. It was
shown that the topologial invariant of a G-seamed overing at an interior marked point
is an element of A. An element of A we all 'an interior eld' and denote usually by α.
Dene an involute map A → A∗ by formula [a] → [a]∗ = [a−1] where [a] denotes the
onjugay lass of element a ∈ N .
Elements of the entralizer CN(a) are in one-to-one orrespondene with G-
automorphisms of the G-overing fU : Û → U . By this reason we dene automorphism
group of α ∈ A as Autα = CN(a) for an element a ∈ A. The group Autα is dened up
to isomorphism.
Let p belongs to an open 1-stratum of Ω. We may assume that small neighborhood
U of p is homeomorphi to a retangle R = {z ∈ C||Re z| < 1, 0 ≤ Im z < 1}, point
p orresponds to 0 and U ∩ ∂Ω orresponds to the segment (−1,+1) of real axis. The
preimage Û of U onsists of a number of book-like seamed surfaes B1, B2, . . . . Denote by
R a ray R ⊂ U that orresponds to the segment [0, i) of imaginary axis. Then G-overing
fR : R̂ → R is topologially equivalent to the G-overing of a ray. Choose a ray δ ⊂ R̂.
Denote by K ommon stabilizer of interior points of δ and by S the stabilizer of the vertex
z of δ. Clearly, K ⊂ S. If we hoose another ray instead of δ than we obtain onjugated
pair (K ′, S ′) of subgroups: K ′ = gKg−1, S ′ = gSg−1 for some g ∈ G. Up to a topologial
equivalene G-overing of a ray is dened by onjugay lass of pair of subgroups (K,S).
Indeed, group S ats on the onneted omponent R̂c of R̂ that ontains δ and R̂c/S ≈ R.
R̂c onsists of |S/K| rays with ommon vertex. Therefore, G-overing fR : R̂ → R is
topologially equivalent to the G-overing G×S R̂
c
.
Classes of topologial equivalene of G-overing fR of ray R are in one-to-one orre-
spondene with lasses of topologial equivalene of G-overings fU of U beause U and
Û an be reonstruted from R and R̂ by anonial operations: U is homeomorphi to
an open ylinder over R and any onneted omponent of Û is homeomorphi to an open
ylinder over a onneted omponent of R̂.
Thus, the only topologial invariant at point p is a pair of subgroups (K,S) suh that
K ⊂ S up to onjugation by element of G. Fix a subgroup K from the pair. Then the set
of onjugay lasses of pairs is in one-to-one orrespondene with lasses of equivalene
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of subgroups S ⊂ G suh that S ⊃ K; the equivalene is dened by S ∼ nSn−1 where
n ∈ NG(K).
Let p be a boundary marked point. We may assume that the boundary ∂U = Û \ U
of appropriate small neighborhood of p is homeomorphi to a losed segment and U is
homeomorphi to an open one over ∂U . Restrition f∂U of G-overing f to ∂U is a
G-overing of a segment. A onneted omponent ∂̂U
c
of the preimage ∂̂U is a onneted
bipartite graph. Choose an edge e ∈ ∂̂U
c
and denote vertexes of e by a and b. Vertexes
are ordered aording to the loal orientation at p. Let K be ommon stabilizer of internal
points of e, Sa be the stabilizer of a and Sb be the stabilizer of b. Clearly, K ⊂ Sa ∩ Sb.
Denote by S a subgroup generated by subgroups Sa and Sb. It an be shown that S ats
on the omponent ∂̂U
c
and ∂̂U
c
/S ≈ ∂U . Moreover, the G-overing f∂U : ∂̂U → ∂U is
topologially equivalent to the G-overing of ross-produt G×S ∂̂U
c
. Covering over ∂U
denes the overing fU of the neighborhood U up to topologial equivalene beause U is
homeomorphi to an open one over ∂U and Û is homeomorphi to the disjoint union of
open ones over onneted omponents of ∂̂U .
Thus, up to topologial invariane, G-overing in the neighborhood of a marked bound-
ary point is dened by an ordered triple of subgroups (Sa, K, Sb) suh that K ⊂ Sa ∩ Sb
up to equivalene (Sa, K, Sb) ∼ (gSag−1, gKg−1, gSbg−1) for g ∈ G. Fix subgroup K from
a triple. Clearly, the set of equivalent lasses of triples (Sa, K, Sb) are in one-to-one or-
respondene with equivalent lasses of pairs (Sa, Sb) suh that Sa ⊃ K and Sb ⊃ K; the
equivalene is dened by (Sa, K, Sb) ∼ (nSa, n−1, nSbn−1), n ∈ NG(K). We denote the
latter set by B. An element of B we all 'a boundary eld' and denote usually by β.
We may assume that the group N = NG(K)/K ats on the set of subgroups S ontain-
ing K by onjugations S → nSn−1, n ∈ N beause K ats trivially. Elements of N suh
that nSan
−1 = Sa, nSbn
−1 = Sb are in one-to-one orrespondene with G-automorphisms
of the G-overing fU : Û → U . By this reason we dene automorphism group of β ∈ B
as Aut β = {n ∈ N |nSan−1 = Sa, nSbn−1 = Sb} for a pair of subgroups (Sa, Sb) ∈ β. The
group Aut β is dened up to isomorphism.
Dene an involute map B → B by formula [(Sa, Sb)] → [(Sa, Sb)]
∗ = [(Sb, Sa)] where
[(Sa, Sb)] denotes the equivalene lass of an ordered pair of subgroups.
Note that if Ω is onneted surfae and f : T → Ω is a G-overing then stabilizers of all
simple points of T are onjugated subgroups. In the ase of nononneted Ω we restrit
ourselves to G-overings suh that stabilizers of simple points over all omponents of Ω
are onjugated.
2.4. Hurwitz numbers of G-overings. Fix a surfae Ω, a nite group G and a sub-
group K of G. Denote by Ωa the set of interior marked points of Ω and by Ωb the set of
boundary marked points.
Let f : T → Ω be a G-overing of Ω by G-seamed surfae suh that stabilizers of all
simple points of T are onjugated to K. It was shown in setion 2.3 that loal topologial
invariants of f at interior marked points belong to the set A of onjugay lasses of the
groupNG(K)/K and loal topologial invariants of f at boundary marked points belong to
the set B onsisting of equivalene lasses of ordered pairs (Sa, Sb) of subgroups suh that
K ⊂ Sa∩Sb; the equivalene is dened as onjugation of a pair by an element n ∈ NG(K).
Therefore, G-overing f : T → Ω denes maps af : Ωa → A and bf : Ωb → B, the images
af(p) (resp., bf (q)) we denote by αp (resp.βq) and all interior (resp., boundary) elds.
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Fix arbitrary maps a : Ωa → A and b : Ωb → B. Denote by Cov(Ω, a, b) the set of
isomorphi lasses of G-overings of Ω by G-seamed surfaes suh that its loal invariant
at any point p ∈ Ωa is equal to a(p) and its loal invariants at any point q ∈ Ωb is equal
to b(q).
The number H(Ω; a; b) =
∑
[f ]∈Cov(Ω,a,b)
1
|AutG f |
where f is a representative of the iso-
morphi lass [f ] of G-overings is alled a Hurwitz number of G-overings.
There are relations between lassial Hurwitz numbers for dierent Klein surfaes.
Those relations orrespond to uts of surfaes. Similar relations we establish below for
Hurwitz numbers of G-overings by seamed surfaes.
Let Ω be a surfae. A onneted losed oriented urve γ ⊂ Ω without self-intersetions
is alled a simple ut if it does not meet any marked point and is either a losed ontour
belonging to the interior of the surfae or a segment suh that ∂γ = γ ∩ ∂Ω.
Let γ ⊂ Ω be a simple ut. We will dene a ut ontrated surfae Ω# = Ω/γ in two
steps. First, a ut surfae Ω∗ is a surfae (Ω\γ)∪ γ̂ where γ̂ is the set of pairs (r, c), r ∈ γ,
c is a o-orientation of γ at point r. It is lear how to dene the topology on Ω∗, see [1℄ for
the details. Clearly, there is a natural ontinuous map Ω∗ → Ω, its restrition to Ω∗ \ γ̂ is
the homeomorphism with Ω \ γ, its restrition to γ̂ is a double-overing of γ. Seond, a
ut ontrated surfae Ω# is a surfae obtained by ontrating eah onneted omponent
of γ̂ into a point. Here γ̂ is the preimage of simple ut γ in ut surfae Ω∗. Marked points
of Ω# are marked points oming from Ω and points that are ontrated omponents of γ̂.
Note, that the orientation of γ indues loal orientations at orresponding marked points.
Clearly, Ω# anonially orresponds to Ω despite of the absene of natural ontinuous
map of Ω to Ω# (the homeomorphism between Ω \ γ and Ω# \ (image of γ̂) annot be
extended to γ).
Depending on a simple ut γ, three situations may our.
(i) γ is o-orientable ontour. Then γ̂ onsists of two ontours and (Ω#)a = Ωa ⊔ {p′, p′′}
where points p(i) orrespond to omponents of γ̂; (Ω#)b = Ωb.
(ii) γ is non-oorientable ontour. Then γ̂ onsists of one ontour and (Ω#)a = Ωa ⊔ {p′}
where p′ orresponds to γ̂; (Ω#)b = Ωb.
(iii) γ is a segment. Then γ̂ onsists of two segments and (Ω#)b = Ωb ⊔ {q′, q′′} where
points q(i) orrespond to omponents of γ̂; (Ω#)a = Ωa.
Marked points p′, p′′ (in the ase (i)), p (in the ase (ii)) and q′, q′′ (in the ase (iii)) we
all 'extra marked points'.
Let a : Ωa → A and b : Ωb → B be two maps of sets of marked points of a surfae
Ω. We will extend them to obtain maps aΩ# : (Ω#)a → A and bΩ# : (Ω#)b → B for ut
ontrated surfae Ω#. The extended maps depend on an element α ∈ A for simple uts
of types (i) and (ii) and on an element β ∈ B for a simple ut of type (iii). For marked
points of Ω# oming from the marked points of Ω extended maps oinide with maps a
and b. Values of maps aΩ# and bΩ# at all extra marked points are equal to α (in ases
(i), (ii)) and β (in ase (iii)).
Identifying maps with sets of their images, we use below the following denotations.
(i) aΩ# = (a, α, α)
(ii) aΩ# = (a, α)
(iii) bΩ# = (b, β, β)
The relations between Hurwitz numbers are desribed in the following important
lemma.
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Lemma 2.1. Let γ ⊂ Ω be a simple ut of a surfae Ω and Ω# = Ω/γ be ut ontrated
surfae.
(i) If γ is a o-orientable ontour, then
H(Ω; a; b) =
∑
α∈A
|Autα|H(Ω#; a, α, α; b)
where group Autα is dened in setion 2.3.
(ii) If γ is a non-oorientable ontour, then
H(Ω; a; b) =
∑
α∈A
dαH(Ω#; a, α; b)
where dα is the number of elements n ∈ N = NG(K)/K suh that n2 = a−1 for a xed
representative a ∈ α of the onjugay lass α1.
(iii) If γ is a segment, then
H(Ω; a; b) =
∑
β∈B
|Autβ|H(Ω#; a; b, β, β)
where group Aut β is dened in setion 2.3.
Atually, the proof follows the proof of similar lemma for overings of surfaes by
surfaes [1℄. 
3. Klein Topologial Field Theory for G-overings of surfaes by
seamed surfaes
We reprodue below the denition of Klein topologial eld theory given in [1℄.
3.1. Category of surfaes and Klein funtor. In this setion we dene a ategory S
of surfaes. An objet of S is a surfaes Ω with marked points (see setion 2.1) endowed
with a set of loal orientations at marked points. The loal orientation at marked point
r ∈ Ω0 is denoted by or.
We dene morphisms of four types. First, an isomorphism of surfaes (see setion 2.1)
preserving loal orientations at marked points is alled a morphism in the ategory S.
Seond, for an oriented ut γ ⊂ Ω the orrespondene Ω→ Ω# where Ω# = Ω/γ is the ut
ontrated surfae is alled a morphism. Third, hanging a loal orientation at a marked
point r to the opposite orientation is alled a morphism. Fourth, marking o a new point
and xing a loal orientation at it is alled a morphism. An arbitrary morphism in S is
dened as a ombination of morphisms of those four types. The disjoint union Ω′ ∪ Ω′′
of two surfaes we onsider as a tensor produt in S; all axioms of tensor ategory are
satised.
Let {Xm|m ∈M} be a nite set of n = |M | vetor spaes Xm over the eld of omplex
numbers C. The ation of the symmetri group Sn on {1, . . . , n} indues its ation on
the sum of the vetor spaes
(
⊕σXσ(1) ⊗ · · · ⊗Xσ(n)
)
where σ runs through the bijetions
{1, . . . , n} → M ; an element s ∈ Sn takes Xσ(1) ⊗ · · · ⊗Xσ(n) to Xσ(s(1)) ⊗ · · · ⊗Xσ(s(n)).
Denote by ⊗m∈MXm the subspae of all invariants of this ation. The vetor spae
⊗m∈MXm is anonial isomorphi to tensor produt of all Xm in any xed order; the
isomorphism is the projetion of ⊗m∈MXm to the summand that is equal to the tensor
produt of Xm in that order.
1
We orret here an inorretness in the denition of numbers dα in [1℄
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Assume that all Xm are equal to a xed vetor spae X. Then any bijetion M → M ′
of sets indues an isomorphism ⊗m∈MX ↔ ⊗m′∈M ′X .
Fix a pair (A,B) of vetor spaes over C, a set of elements 1A ∈ A, 1B ∈ B,
K⊗A ∈ A ⊗ A, K
⊗
B ∈ B ⊗ B, U ∈ A and involute linear maps ιA : A → A,
ιB : B → B suh that ιA(1A) = 1A, ιB(1B) = 1B. Denote by N the set of all those
data: N = {A,B, 1A ∈ A, 1B ∈ B,K
⊗
A ∈ A⊗ A,K
⊗
B ∈ B ⊗ B,U ∈ A, ιA, ιB}. Using N ,
we will dene a funtor V from the ategory S to the ategory of vetor spaes.
Let Ω be an objet of S, Ω0 be the set of marked points, Ωa ⊂ Ω0 be the set of interior
marked points and Ωb = Ω0 \Ωa be the set of boundary marked points. Assign a opy Ap
of vetor spae A to any p ∈ Ωa and a opy Bq of vetor spae B to any q ∈ Ωb. Denote
by VΩ vetor spae (⊗p∈ΩaAp)⊗ (⊗q∈ΩbBq) By denition, put V(Ω) = VΩ
Funtor V takes morphisms of four types in the ategory S to the following morphisms
of linear spaes. For any morphism φ in ategory S the morphism V(φ) is denoted below
by φ∗.
1) Let φ : Ω′ → Ω′′ be an isomorphism of surfaes. Then φ∗ : VΩ′ → VΩ′′ is a linear map
indued by the bijetions φ|Ω′a : Ω
′
a → Ω
′′
a and φ|Ω′b : Ω
′
b → Ω
′′
b .
2) Let ψ : Ω′ → Ω′′ be a morphism of hanging the loal orientation at an interior point
r ∈ Ω0. Then ψ∗ is a liner map that is idential on all omponents of the tensor produt
VΩ′ = (⊗p∈ΩaAp)⊗ (⊗q∈ΩbBq) exept Ar and it oinides with ιA on Ar.
The morphism ψ∗ for morphism ψ of hanging the loal orientation at a boundary
marked point is dened similarly, just replae ιA by ιB.
3) Let ξ : Ω′ → Ω′′ be a morphism of marking o an interior point p ∈ Ω′ \ Ω′0 and
xing a loal orientation op. Vetor spae VΩ′′ an be anonially identied with VΩ′ ⊗A.
Then ξ∗ : VΩ′ → VΩ′′ maps vetor x ∈ VΩ′ to the vetor of VΩ′′ that orresponds to
x⊗ 1A ∈ VΩ′ ⊗ A. Property ιA(1A) = 1A guaranties the orretness.
Similarly, the morphism ξ′∗ orresponding to a morphism ξ
′
whih is marking o a
boundary point q ∈ ∂Ω′ \ Ω′b takes vetor x ∈ VΩ′ to the vetor of VΩ′′ orresponding to
(x⊗ 1B) ∈ VΩ′ ⊗ B.
4) Let η : Ω → Ω# be a morphism from Ω to ut ontrated surfae Ω# indued by
an oriented ut γ ⊂ Ω. As it was shown in setion 2.4, η indues the inlusion map of
the set Ω0 = Ωa ∪Ωb of marked points of Ω into the set of marked points Ω#0 of Ω# and
∆ = Ω#0 \ Ω0 onsists of either one point or two points depending on γ.
If γ is non-oorientable ontour, then ∆ onsist of one point, VΩ# is anonially iso-
morphi to VΩ ⊗ A and η∗(x) = x ⊗ U . If γ is a o-orientable ontour then |∆| = 2,
VΩ# ≡ VΩ⊗A⊗A and η∗(x) = x⊗K
⊗
A . If γ is a segment then |∆| = 2, VΩ# ≡ VΩ⊗B⊗B
and η∗(x) = x⊗K
⊗
B .
In addition, the tensor produt in S dened by the disjoint union of surfaes
Ω′ ⊗ Ω′′ → Ω′ ∪ Ω′′ indues the tensor produt of vetor spaes θ∗ = VΩ′ ⊗ VΩ′′ → VΩ′∪Ω′′ .
The funtorial properties of V an be easily veried.
3.2. Klein Topologial Field Theory. Fix a set of data
N = {A,B, 1A ∈ A, 1B ∈ B,K
⊗
A ∈ A⊗A,K
⊗
B ∈ B ⊗ B,U ∈ A, ιA : A→ A, ιB : B → B}
that denes a Klein funtor V.
A system of linear forms F = {ΦΩ : VΩ → C}, Ω ∈ S, is alled a Klein topologial eld
theory (KTFT) if it satises the following axioms.
1◦ Topologial invariane.
12
ΦΩ(φ∗(x)) = ΦΩ(x)
for any isomorphism φ : Ω→ Ω′ of surfaes.
2◦ Invariane under a hange of loal orientations.
ΦΩ′(ψ∗(x)) = ΦΩ(x)
for any morphism ψ : Ω→ Ω′ of hanging the loal orientation at a marked point.
3◦ Nondegeneray.
Dene bilinear form (x′, x′′)A on vetor spae A by formula
(x′, x′′)A = Φ(S,p1,p2)(x
′
p1
⊗ x′′p2) where (S, p
′, p′′) is a sphere with two marked points p′
and p′′, loal orientations at p′, p′′ are indued by a global orientation of the sphere,
x′p1 ⊗ x
′′
p2
is the element of V(S,p1,p2) orresponding to x
′⊗ x′′ ∈ A⊗A under the anonial
isomorphism V(S,p1,p2) ≡ A ⊗ A. It follows from axioms 1
◦
and 2◦ that the denition is
orret and bilinear form (x′, x′′) is symmetri. Taking a dis with two boundary marked
points (D, q1, q2) instead of (S, p1, p2) we dene a symmetri bilinear form (x
′, x′′)B on
vetor spae B by similar onstrution.
The axiom is:
both forms (x′, x′′)A and (x
′, x′′)B are nondegenerate.
4◦ Invariane under addition of marked point.
ΦΩ′(ξ∗(x)) = ΦΩ(x)
for any morphism ξ : Ω→ Ω′ that is indued by marking o an additional point in Ω.
5◦ Cut invariane.
ΦΩ#(η∗(x)) = ΦΩ(x)
for any morphism η : Ω → Ω# of Ω to the ut ontrated surfae Ω# that is indued
by an oriented simple ut γ ⊂ Ω.
6◦ Multipliativity.
ΦΩ(θ∗(x
′ ⊗ x′)) = ΦΩ′(x
′)ΦΩ′′(x
′′)
for Ω = Ω′∪Ω′′, x′ ∈ VΩ′, x′′ ∈ VΩ′′ and isomorphism θ∗ : VΩ′⊗VΩ′′ → VΩ orresponding
to the tensor produt θ : Ω′ × Ω′′ → Ω.
Lemma 3.1. Let {ΦΩ} be a KTFT. Then the following relations hold:
(i) (1A, α)A = ΦS2,p(α) where S
2
is a sphere with marked point p, a loal orientation at p
is indued by a global orientation of S2, and α ∈ A is an arbitrary element;
(ii) (1B, β)B = ΦD2,q(β) where D
2
is a dis with one boundary marked point q, a loal
orientation at q is indued by a global orientation of D2 and β ∈ B is an arbitrary element;
(iii) (U, α)A = ΦP 2,p(α) where P
2
is a projetive plane with marked point p and arbitrary
loal orientation at p;
(iv) (ιA(α
′), α′′)A = ΦS2,p′,p′′(−)(α
′, α′′) where S2 is a sphere with marked points p′ and p′′,
loal orientation at p′ oinides with a xed global orientation of S2 and loal orientation
at p′′ does not oinide with the xed global orientation of S2;
(v) (ιB(β
′), β ′′)B = ΦD2,q′,q′′(−)(β
′, β ′′) where D2 is a dis with marked points q′ and q′′,
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loal orientation at q′ oinides with a xed global orientation of D2 and loal orientation
at q′′ does not oinide with the xed global orientation of D2.
(vi) (K⊗A , α
′ ⊗ α′′)A = (α′, α′′)A for any α′, α′′ ∈ A;
(vii) (K⊗B , β
′ ⊗ β ′′)B = (β ′, β ′′)B for any β ′, β ′′ ∈ B;
Proof. The proof is straightforward 
3.3. Klein Topologial Field Theory of G-overings. Let G be a nite group and
K be a subgroup of G suh that ∩g∈GgKg−1 = {e}. We shell onstrut a KTFT orre-
sponding to G-overings of surfaes by seamed surfaes suh that stabilizers of all simple
points of over seamed surfae are onjugated to K.
Denote by A the set of all possible values of loal invariants of G-overings T → Ω at
interior marked points of the base. The set A an be identied with the set of onjugay
lasses of elements of the fator-group N = NG(K)/K (see setion 2.3). Denote by A a
vetor spae of formal linear ombinations of elements of A.
Denote by B the set of all possible values of loal invariants of G-overings T → Ω at
boundary marked points of the base. The set B an be identied with the set of equivalene
lasses of ordered pairs of subgroups (S1, S2) of the group G suh that K ⊂ S1 ∩ S2; the
equivalene is dened by formula (S1, S2) ∼ (gS1g
−1, gS2g
−1) for any g ∈ NG(K) (see
setion 2.3). Denote by B a vetor spae of formal linear ombinations of elements of B.
For any surfae Ω Hurwitz numbers H(Ω; a, b) where a : Ωa → A and b : Ωb → B are
maps used in the denition of Hurwitz numbers, indue the linear funtion HΩ : VΩ → C.
We will equip vetor spaes A and B by a set of data needed to dene a Klein funtor
(setion 3.1).
By 1A denote the onjugay lass of the unit in group N = NG(K)/K; by denition,
1A ∈ A.
Let R be the set of equivalent lasses of subgroups S ⊂ G suh that S ⊃ K; the
equivalene is dened by formula S ∼ nSn−1 for any n ∈ NG(K). By 1B denote the
sum
∑
[S]∈S [(S, S)] where S is a representative of equivalene lass [S] ∈ R; by denition,
1B ∈ B.
Denote by ιA : A→ A and ιB : B → B involute linear maps indued by involute maps
α→ α∗ and β → β∗ of A and B respetively (see setion 2.3).
By K⊗A and K
⊗
B denote the elements K
⊗
A =
∑
α∈A |Autα|α ⊗ α
∗
and
K⊗B =
∑
β∈B |Aut β|β ⊗ β
∗
respetively; by denition, K⊗A ∈ A⊗ A, K
⊗
B ∈ B ⊗B.
Denote by U the element U =
∑
g∈N g
2
of A.
Thus, we dened the set of data
N = {A,B, 1A ∈ A, 1B ∈ B,K
⊗
A ∈ A⊗ A,K
⊗
B ∈ B ⊗ B,U ∈ A, ιA, ιB}, whih is needed
to onstrut a Klein funtor (see setion 3.1).
Theorem 3.1. The system of linear funtionals H = {HΩ} is a Klein topologial eld
theory. We all it topologial eld theory of G-overings of surfaes by seamed surfaes.
Proof. Let T → Ω be a G-overing of Ω and α ∈ Ω be a loal invariant at interior
marked point p ∈ Ω. Note that loal orientation at p is used to dene α (see setion 2.3).
Changing the loal orientation at p leads to replaing a onjugay lass α ⊂ NG(K)/K
by the onjugay lass by α∗ = [a−1] where a ∈ α. That relation is equivalent to axiom
2◦ of KTFT for interior marked points. Axiom 2◦ for boundary marked points an be
veried similarly.
Axiom 1◦ is a orollary of the topologial invariane of Hurwitz numbers with respet
to isomorphisms of surfaes preserving loal orientations at marked points.
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Axiom 3◦ (nondegeneray of the form) follows from the straightforward alulations
of Hurwitz numbers for a sphere with two interior marked points and a dis with two
boundary marked points.
Axiom 4◦ is evidently satised for the marking o a new interior point p with a(p) = 1A
beause the onditions of general position are atually required from a overing at that
point. The same is true for boundary marked points too.
Axiom 5◦ follows from lemma 2.1.
Axiom 6◦ follows from the denition of Hurwitz numbers.

4. Cardy-Frobenius algebras assoiated with ations of groups
It follows from [1℄ that KTFTs up to the equivalene are in one-to-one orrespondene
with a ertain lass of algebras up to isomorphisms. Algebras of that lass was alled
'struture algebras' in [1℄ and renamed to 'Cardy-Frobenius algebras' in [3℄. We use the
latter term here.
4.1. Denition of Cardy-Frobenius algebra. A Frobenius algebra D is an assoiative
algebra suh that there exists a nondegenerate symmetri invariant bilinear form (x′, x′′)D
on D. The invariane means (x′x′′, x′′′)D = (x
′, x′′x′′′)D.
A nite dimensional Frobenius algebra D with unit 1D ∈ D endowed with an involute
anti-automorphism d 7→ d∗ (i.e. (x′x′′)∗ = x′′∗x′∗) and a linear form lD(x) suh that the
bilinear form (x′, x′′)D = lD(x
′x′′) is symmetri, nondegenerate and lD(x
∗) = lD(x) is
alled an equipped Frobenius algebra.
Let D be an equipped Frobenius algebra. Choose a basis α1, . . . , αn of vetor spae
D. Denote by ((Fαi,αj)) the matrix of the bilinear form, Fαi,αj = (αi, αj)D, by ((F
αi,αj ))
the matrix of the dual form and by ((F ∗αi,αj )) (resp., ((F
∗αi,αj ))) the matrix of twisted
bilinear form F ∗αi,αj = (αi, α
∗
j )D (resp. dual to twisted bilinear form).
An element KD = F
αiαjαiαj of D is alled a Casimir element. In that formula (and
throughout the paper) the sum over repeated indexes is assumed. Dene also twisted
Casimir element K∗D ∈ D by formula K
∗
D = F
∗αiαjαiαj . It an be shown that Casimir
element and twisted Casimir element don't depend on the hoie of basis.
Fix a set of data H = {A,B, φ, U}, where A and B are equipped Frobenius algebras,
A is a ommutative algebra, φ : A→ B is a homomorphism of algebra A into the enter
of algebra B, U ∈ A is an element. Denote by H an algebra struture on A⊕ B dened
by multipliations in A and B and by formula ab = ba = φ(a)b for a ∈ A, b ∈ B. Thus,
A is a subalgebra and B is two-sided ideal of H .
The algebra H = A ⊕ B together with the set of data H = {A,B, φ, U} is alled a
Cardy-Frobenius algebra if the following onditions hold:
(1) φ(x∗) = (φ(x))∗
(2) (Cardy ondition) For any x, y ∈ B denote by Wx,y : B → B a linear opera-
tor Wx,y(z) = xzy. Let φ
∗ : B → A be the linear map dual to φ : A → B (i.e.
(a, φ∗(b))A = (φ(a), b)B, for a ∈ A, b ∈ B). It is required that for any x, y ∈ B the
following identity holds:
(φ∗(x), φ∗(y))A = trWx,y
(3) U2 = K∗A and φ(U) = K
∗
B
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4.2. Semisimple Cardy-Frobenius algebras. Diret sums of Cardy-Frobenius alge-
bras, ideals et. an be dened in usual way. We skip the details.
Example 4.1. Let A be an algebra of omplex numbers C equipped with idential invo-
lution and linear form lA(z) = µ
2z where µ ∈ C is nonzero number. Then A is equipped
Frobenius algebra.
By denition, put U = 1
µ
∈ A.
Let B be a matrix algebra M(n,C) equipped with involute anti-automorphism X 7→ X ′,
where X ′ is transposed matrix, and linear form lB(X) = µ trX. Then B is equipped
Frobenius algebra. Dene a homomorphism φ : A → B by the equality φ(1) = E where
E ∈ B is the identity matrix.
It an be shown that the set of data {A,B, φ, U} denes the simple Cardy-Frobenius
algebra H = A⊕ B. We all H a Cardy-Frobenius algebra H+(n,µ)
Example 4.2. Let A be equipped Frobenius algebra from previous example. By denition,
put U = − 1
µ
∈ A.
Let B be a matrix algebra M(2m,C) of even order. A matrix X ∈ B we may present
in blok form as X =
(
m11 m12
m21 m22
)
. Dene the involute anti-automorphism X 7→ Xτ
by formula Xτ =
(
m′22 −m
′
12
−m′21 m
′
11
)
, where m′ denotes transposed matrix. Then algebra
B equipped with involute anti-automorphism X 7→ Xτ and linear form lB(X) = µ trX is
equipped Frobenius algebra.
Dene homomorphism φ : A→ B by the equality φ(1) = E where E ∈ B is the identity
matrix.
It an be shown that the set of data {A,B, φ, U} denes the simple Cardy-Frobenius
algebra H = A⊕ B. We all H a Cardy-Frobenius algebra H−(2m,µ)
Example 4.3. Let A = C ⊕ C. Dene an involution by the equality (x, y)∗ = (y, x)
for (x, y) ∈ C ⊕ C and the linear form by formula lA(x, y) = µ2(x + y). Clearly, A is
ommutative equipped Frobenius algebra. Put U = 0.
Let B = M(n,C) ⊕M(n,C) be the diret sum of two matrix algebras of equal order.
Then algebra B equipped with the involute anti-automorphism (X, Y ) 7→ (Y ′, X ′) and
linear form
lB(X, Y ) = µ(trX + tr Y )
is an equipped Frobenius algebra.
Dene a homomorphism φ : A→ B by the equality φ(x, y) = (xE, yE).
It an be shown that the set of data {A,B, φ, U} denes the simple Cardy-Frobenius
algebra H = A⊕ B. We all H a Cardy-Frobenius algebra H0(2n,µ)
Example 4.4. Denote by Aµ the pair (A,U) from example 4.1. Denote by A
0
µ the pair
(A,U) from example 4.3. Note that algebras Aµ⊕{0} and A
0
µ⊕{0} satisfy all onditions
of Cardy-Frobenius algebras exept one: B has no unit.
It was proven [1℄, that any Cardy-Frobenius algebra suh that both algebras A and
B are semisimple is isomorphi to the diret sum of simple Cardy-Frobenius algebras of
types H+(n,µ), H
−
(2m,µ), H
0
(2n,µ) and ommutative equipped Frobenius algebras with xed
U ∈ A of types Aµ and A0µ.
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4.3. Cardy-Frobenius algebras assoiated with ations of groups. We will on-
strut here a wide lass of Cardy-Frobenius algebras H = A ⊕ B. Among algebras B
(nonommutative parts of Cardy-Frobenius algebras) there are, for example, all Heke al-
gebras of nite groups [21℄. In the next setion we will show that one of Cardy-Frobenius
algebras of that lass oinides with Cardy-Frobenius algebra of G-overings of surfaes
by seamed surfaes.
Let N be a nite group. Group algebra C[N ] an be equipped with involute antiauto-
morphism x 7→ x∗ dened on g ∈ N by formula g∗ = g−1 and linear form l(x) dened by
formula l(g) = δg,e for g ∈ N (e denotes the unit of N).
Denote by A the enter of the group algebra . Clearly, A is invariant under the involution
x 7→ x∗. It an be easily shown that the algebra A endowed with that involution and the
restrition of linear form l(x) is ommutative equipped Frobenius algebra.
Denote by U the element U =
∑
g∈N g
2
of group algebra. Clearly, U ∈ A.
Lemma 4.1. The square of element U is equal to the twisted Cazimir element: U2 = K∗A
Proof. We have U2 =
∑
g,h∈N g
2h2.
Denote by A the set of onjugay lasses of the group N . For a onjugay lass α put
Eα =
∑
g∈α g ∈ C[N ]. It is known that elements Eα belong to the enter A of the group
algebra and form a basis of A.
We have K∗A =
∑
α∈A |Autα|E
2
α =
∑
α∈A |Autα|(
∑
g∈α g)
2 =
∑
g,h∈N ghg
−1h. Using
substitutions a = gh and b = h−1g−1h we get
∑
g,h∈N ghg
−1h =
∑
a,b∈N a
2b2. Therefore,
U2 = K∗A 
Suppose, nite group N ats eetively on a nite set X . Dene by Xn the diret prod-
ut of n opies of X . Group N ats on Xn by formula g(x1, . . . , xn) = (g(x1), . . . , g(xn))
where x1, . . . , xn ∈ X , g ∈ N . Denote by Bn the set of orbits Xn/N .
Denote by Aut x¯ the stabilizer of element x¯ = (x1, . . . , xn) ∈ Xn Clearly,
Aut x¯ = ∩i Aut xi.
Let B be the vetor spae of formal linear ombinations with omplex oeients of
elements of B2.
Fix an ordered set (β1, . . . , βn) of elements βi ∈ B2. By denition, an element βi is an
orbit of the ation of group N on X2. Denote by Bn(β1, . . . , βn) the set of orbits [ξ] in
Xn suh that the following ondition holds: for a representative ξ = (x1, . . . , xn) ∈ [ξ]
the pair (x1, x2) belongs to the orbit β1, (x2, x3) belongs to β2, . . . , (xn−1, xn) belongs to
βn−1, (xn, x1) belongs to βn.
Dene a number Tβ1,...,βn by formula
Tβ1,...,βn =
∑
[ξ]∈Bn(β1,...,βn)
1
Aut ξ
,
where ξ is a representative of an orbit [ξ] ∈ Bn(β1, . . . , βn).
Numbers {Tβ1,...,βn} an be onsidered as a tensor, it orresponds to a polylinear form
B⊗n → C.
The orrespondene (x1, x2) 7→ (x2, x1) generates an involute linear transformation of
B whih we denote by β 7→ β∗.
Tensor Tβ1,β2 denes a bilinear form on B, whih we denote by (β
′, β ′′)B. By diret
alulations we obtain (β1, β2)B = δβ1,β∗2
1
|Autβ1|
. Therefore, bilinear form (β ′, β ′′)B is sym-
metri and non-degenerate.
17
Using the bilinear form (β ′, β ′′)B we may onvert tensor Tβ1,β2,β3 to a multipliation
on B. Indeed, formula (β1 · β2, β3) = Tβ1,β2,β3 orretly denes an element β1 · β2. The
obtained algebra is denoted by the same letter B.
Denote by Bc2irc the set of orbits of elements (x, x) ∈ X
2
, x ∈ X . By straightforward
omputations we get that the element 1B =
∑
β∈B◦2
β is a unit of algebra B. Formula
lB(β) = (β, 1B)B denes a linear form.
Lemma 4.2. Algebra B endowed with linear form lB and involution β 7→ β∗ is an equipped
Frobenius algebra.
The proof is by diret alulations 
Denote by VX the vetor spae of formal linear ombinations with omplex oeients
of elements of set X and extend the ation of N on X to the representation ρ of N in VX .
For any β ∈ B2 dene the operator Vβ ∈ EndVX by formula Vβ =
∑
(x1,x2)∈β
Ex1,x2.
Here Ex1,x2 is the elementary matrix: Ex1,x2x = δx2,xx1 for any x ∈ X . Denote by ν the
linear map B → EndVX , indued by the orrespondene β → Vβ.
Lemma 4.3. The map ν : B → EndVX is a faithful representation of algebra B. The
image ν(B) ⊂ EndVX oinides with the entralizer of the image ρ(N) ⊂ EndVX of group
N under the representation ρ : N → EndVX .
Proof. Let ((Mx,y)) be the matrix of a linear transformation M : VX → VX in the basis,
onsisting of elements x ∈ X . Then by diret alulations we obtain that F ommutes
with ρ(N) if and only if matrix elements Mx,y and Mg(x),g(y) are equal for any (x, y) ∈ X
2
and g ∈ N . This laim is equivalent to the laim of lemma 
Corollary 4.1. Algebra B is semisimple equipped Frobenius algebra.
Proof. Indeed, the entralizer of a semisimple subalgebra of semisimple algebra is semisim-
ple 
The onstruted equipped Frobenius algebra B depends on group N and its ation on
nite set X . We denote that algebra by BN :X . Algebra A ats on VX beause N ats
on VX . Clearly, that representation of A is faithful. By lemma 4.3, the image ρ(A) is
ontained in the enter of the image of algebra B. The representation of B in VX is
faithful, therefore, we obtain the homomorphism of A into B. That homomorphism we
denote by φ.
Theorem 4.1. Let a nite group N ats eetively on a set X. Then dened above
objets: the algebras A, B, the homomorphism φ : A → B and the element U ∈ A,
generate a Cardy-Frobenius algebra H = A⊕ B.
Proof. Clearly, that involute anti-automorphism β 7→ β∗ ats on the image of B in EndVX
as the transposition M 7→ M ′ of matries. Denote by Vα the image of element Eα ∈ A
in EndVX under the representation ρ : C[N ] → EndVX . Obviously, V ′α = Vα∗ . Therefore,
ondition (2) of the denition of Cardy-Frobenius algebra is satised.
The proof of Cardy relation is literally the same as the proof of that relation in [1℄ for
speial lass of Cardy-Frobenius algebras, namely, Cardy-Frobenius algebras assoiated
with nite groups. The proof is rather tehnial, we outline here main steps.
Compute rst right side expression R = trWx,y.
(1) Salar produt of elements βi ∈ B2 an be omputed in the representation of algebra
B in EndVX as follows: (β1, β2)B =
1
|G|
tr(Vβ1Vβ2) where Vβi are operators dened above.
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(2) By diret alulations using exat formulas for matrix elements of Vβ we get
R =
∑
β
|Autβ|
|G|
tr(VβVβ1Vβ∗Vβ2).
(3) Multiplying matries in (2) we obtain
R = 1
|G|
|P |, where P is the set of tuples (x1, x2, x3, x4, g), xi ∈ X , g ∈ G suh that
(x1, x2) ∈ β1, (x3, x4) ∈ β2 and g(x2) = x1, g(x3) = x4.
Compute left side expression L = (φ∗(β1), φ
∗(β2))A.
For any α ∈ A we have Vα =
∑
x∈X,g∈αEg(x),x, where Ex1,x2 is an elementary ma-
trix. (Reall that Vα ∈ EndVX is the image of element Eα ∈ A in EndVX under the
representation ρ : C[G]→ EndVX).
(4) By diret alulations we obtain L =
∑
α |Autα|
1
|G|2
tr(VαVβ1) tr(Vα∗Vβ2).
(5) The equality (4) an be rewritten in the form
L =
∑
α |Autα|
1
|G|2
|Q| where Q is the set of tuples (x1, x2, x3, x4, a1, a2), xi ∈ X , aj ∈ α
suh that (x1, x2) ∈ β1, (x3, x4) ∈ β2 and a1(x1) = x2, a2(x4) = x3.
(6) Representing element a2 in the form ga1g
−1
we an rewrite (5) as follows:
L =
∑
α
1
|G|2
|Q′| where Q′ is the set of tuples (x1, x2, x3, x4, a, g), xi ∈ X , a ∈ α, g ∈ G
suh that (x1, x2) ∈ β1, (x3, x4) ∈ β2 and a(x1) = x2, gag−1(x4) = x3.
(7) The equality gag−1(x4) = x3 an be rewritten as a(x
′
4) = x
′
3 where x
′
i = g
−1(xi).
For two xed g = g1 and g = g2 the number of tuples (x1, x2, x3, x4, a, g1) ∈ Q′ is equal to
the number of tuples (x1, x2, x3, x4, a, g2) ∈ Q′ sine the pairs (x3, x4) run throughout all
representatives of lass β2. Therefore, L =
1
|G|
|P |. Thus, we prove L = R.
To omplete the proof, it is neessary to hek that ρ(U) = ν(K∗B). By denition,
U =
∑
g∈N g
2
. Therefore, ρ(U) =
∑
g∈N Eg2(x),x. Denote ν(K
∗
B) by K. By diret alula-
tions we we obtain K =
∑
β |Aut β|
∑
(x1,x2)∈β
Ex1,x2
∑
(y1,y2)∈β
Ey1,y2. We an substitute
(y1, y2) by (g(x1), g(x2) for some element g ∈ G beause both pairs (x1, x2) and (y1, y2)
belong to the same lass β. Taking in aount the substitution and multiplying matries
we get K =
∑
x∈X,g∈GEx,g2(x). Thus, K = ρ(U) 
We denote onstruted Cardy-Frobenius algebra by HG:X .
Example 4.5. Let symmetri group Sn ats on a nite set X of n elements. Then algebra
BSn:X is isomorphi to the algebra of bipartite graphs [2, 3℄. Moreover, HSn:X oinides
with Cardy-Frobenius algebra of n-overings of Klein surfaes by seamed surfaes [2, 3℄.
Example 4.6. Let X be the set of involutions in a nite group G. Group G ats on
X by onjugations. Then HG:X oinides with onstruted in [1℄ Cardy-Frobenius algebra
assoiated with G. For symmetri group G = Sn the latter algebra oinides with Cardy-
Frobenius algebra of overings of degree n for real algebrai urves [1℄.
Example 4.7. Let S be a subgroup of nite group G and X = G/S. Then algebra BG:X
is isomorphi to Heke algebra. Indeed, pairs of osets (xB, yB) ∈ X ×X are in one-to-
one orrespondene with double-osets BgB and formulas for the multipliation in algebra
BG:X oinide with formulas for the multipliation of double-osets in Heke algebra [21℄.
5. Formula for Hurwitz numbers of G-overings of surfaes by seamed
surfaes
5.1. Cardy-Frobenius algebra orresponding to a Klein topologial eld the-
ory. Klein topologial eld theories (KTFTs) are in one-to-one orrespondene with
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Cardy-Frobenius algebras [1℄. Following [1℄ we briey outline the onstrution of Cardy-
Frobenius algebra orresponding to a KTFT.
By denition, Cardy-Frobenius algebra is generated by the following set of objets: a
ommutative equipped Frobenius algebra A, an equipped Frobenius algebra B, a homo-
morphism φ : A→ B, an element U ∈ A.
Let F be a KTFT. By denition, F is a system of linear forms {ΦΩ : VΩ → C}, dened
for eah surfae Ω and satisfying ertain axioms (see setion 3.2). Vetor spaes VΩ are
dened by the use of xed Klein funtor V. In turn, Klein funtor orresponds to a set
of data N ; N inludes, among others, two vetor spaes A and B, elements 1A ∈ A,
U ∈ A, 1B ∈ B, involute linear maps ιA : A → A, ιB : B → B (see setion 3.1). Using
Klein funtor V and KTFT F , one an dene algebra strutures on vetor spaes A and
B and equip those algebras with required in the denition of Cardy-Frobenius algebras
additional objets.
Let Ω be a sphere with two marked points, Ω = (S2, p′, p′′). Then orresponding to
Ω linear form Φ(S2,p′,p′′) : A ⊗ A → C indues bilinear form (x, y)A on A. By axioms,
the form is symmetri and nondegenerate. Similarly, dis (D2, q′, q′′) with to boundary
marked points give rise to nondegenerate bilinear form on B.
By denition, tri-linear map Φ : A ⊗ A ⊗ A → C orresponds to a sphere with three
marked points. Using bilinear form on A, a tri-linear form an be onverted into the
multipliation A⊗A→ A. Axioms of KTFT provide the ommutativity and assoiativity
of that multipliation and the invariane of the bilinear form. By onstrution, algebra A
is equipped with the involute map ιA, xed element 1A and linear form lA(x) = (x, 1A)A.
It an be shown that A is ommutative equipped Frobenius algebra.
Similarly, a triangle, i.e. a disk with three marked boundary points, gives rise to
algebra struture on B. It an be proven that B is (typially, nonommutative) equipped
Frobenius algebra.
Let Ω = (D2, p, q) be a dis with one boundary and one interior marked points. Then
linear form Φ(D2,p,q) : A⊗B → C orresponds to Ω. Using bilinear forms, the map Φ(D2,p,q)
an be transformed into the map φ : A→ B. It an be shown that φ is a homomorphism
of algebras.
In [1℄ was proven that the data H = {A,B, φ, U} orretly denes the struture of
Cardy-Frobenius algebra on H = A⊕B. In the proof dierent systems of simple uts for
ertain surfaes were onsidered. For example, two essentially dierent systems of simple
uts of a ylinder with two marked boundary points belonging to dierent onneted
omponents of the boundary were used to prove Cardy relation.
5.2. Cardy-Frobenius algebra of G-overings of surfaes by seamed surfaes.
Let G be a nite group, K ⊂ G be a subgroup suh that ∩g∈GgKg
−1 = {e}. In setion
3.3 KTFTH ofG-overings with stabilizers of simple points onjugated toK of surfaes by
seamed surfaes was assoiated with the pair G ⊃ K. Denote by H the Cardy-Frobenius
algebra orresponding to KTFT H.
Denote by N the fator group NG(K)/K and by X the set of all subgroups S ⊂ G
suh that S ⊃ K. Conjugations S → hSh−1, h ∈ NG(K) generate the ation of N on X
beause elements of K ats trivially. Denote by HN :X Cardy-Frobenius algebra assoiated
with that ation (see setion 4.3).
Theorem 5.1. Cardy-Frobenius algebra HN :X is isomorphi to Cardy-Frobenius algebra
H of G-overings with stabilizers of simple points onjugated to K of surfaes by seamed
surfaes.
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Proof. Both algebras H and HN :X were dened by hoosing bases of vetor spaes and
expliit formulas for the multipliations of elements of the bases. Comparing those data
for H (see setion 5.1) and HN :X (see setion 4.3) we observe that bases of both Cardy-
Frobenius algebras are in one-to-one orrespondene and formulas for the multipliations
oinide. Thus, the algebras are isomorphi. We skip the details 
Example 5.1. Let G be the smallest nite simple group A5 and K be a subgroup of two
elements, K = Z2. Denote by H = A⊕B the Cardy-Frobenius algebra of the KTFT of A5-
overings with stabilizers of simple points onjugated to Z2 of surfaes by seamed surfaes.
Clearly, subgroup NG(K) is isomorphi to Z2 × Z2, therefore, the group N = NG(K)/K
onsists of two elements.
We shell omputed H using the isomorphism H ≈ HN :X where X is the set of all
subgroups of A5 ontaining K.
By the above, algebra A is isomorphi to the enter of group algebra C[N ]. Therefore,
A = C⊕ C.
We laim that B =M(1,C)⊕M(5,C). Indeed, there is six subgroups ontaining K: (1)
K = Z2, (2) D4 = Z2×Z2, (3) A4, (4) G = A5 and (5-6) two onjugated in G subgroups
of order 10; those subgroups are denoted by L′10 and L
′′
10, eah of them is semidiret produt
of Z2 and Z5 with non-trivial ation of Z2 on Z5. Thus, the set X onsists of six elements.
Non-unit element n of group N ats of X by permutation of L′10 and L
′′
10, other elements
of X are xed points of n.
Denote by VX the vetor spae of linear ombinations with omplex oeients of el-
ements of X. Clearly, the entralizer of the image of N in EndVX is isomorphi to
M(1,C) ⊕M(5,C). By lemma 4.3 B is isomorphi to that entralizer. Homomorphism
φ : A→ B is atually an isomorphism of A with the enter of algebra B.
Equipments of algebras A and B an be easily omputed by lemma 4.2. Thus, Cardy-
Frobenius algebra H is desribed.
Note, that G-overings with ertain restritions on loal topologial invariants at
marked points an be desribed by a similar approah. Indeed, let G be a nite group, K
be its subgroup and Σ be a set of subgroups suh that for any S ∈ Σ (1) S ⊃ K and (2)
gSg−1 ∈ Σ for any g ∈ NG(K). Then group N = NG(K)/K ats on Σ. Denote by HN :Σ
a Cardy-Frobenius algebra orresponding to that ation. Clearly, HN :Σ is a subalgebra
of Cardy-Frobenius algebra HN :X where X is the set of all subgroups ontaining K. The
subalgebra HN :Σan be onsidered as Cardy-Frobenius algebra of G-overings of surfaes
by seamed surfaes with restrited sets of loal invariants.
Example 5.2. Let G be symmetri group Sn, K = {e} and Σ the set of subgroups of order
2 and 1. Then N = NG({e}) oinides with G. It an be shown that Cardy-Frobenius
algebra HSn:Σ is isomorphi to Cardy-Frobenius algebra of real algebrai urves onstruted
in [1℄.
5.3. Formula for Hurwitz numbers. Let G be a nite group, K ⊂ G be a subgroup
and H be Cardy-Frobenius algebra orresponding to KTFT of G-overings of surfaes by
seamed surfaes suh that all stabilizers of simple points of over spae are onjugated to
K. Following [1℄, we will express Hurwitz numbers H(Ω, α, β) in terms of algebra H .
First, we may restrit ourselves to onneted surfaes Ω due to multipliativity of
Hurwitz numbers with respet to the disjoint union of surfaes.
Seond, a onneted surfae is dened, up to isomorphism, by the following topologial
invariants:
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• orientability ε (ε = 1 for orientable surfaes, ε = 0 for non-orientable surfaes;
• genus g; for non-orientable surfaes g is half-integer: g = 1
2
for projetive plan,
g = 1 for Klein bottle et.
• number s of onneted omponents of the boundary ∂Ω;
• number m of interior marked points;
• numbers m1, . . . , ms of marked points at eah boundary ontour.
If Ω is orientable we hoose loal orientations at all marked points ompatible with a
xed orientation of Ω. If Ω is non-orientable then we hoose arbitrary loal orientations
at interior boundary points and for eah boundary ontour we hoose loal orientations
at boundary marked points lying at that ontour ompatible with xed orientation of the
ontour.
Third, for given map α : Ωa → A denote by α1, . . . αm images of α, i.e. interior elds.
For given map β : Ωb → B denote by βi1, . . . , β
i
mi
images of marked points lying at i-th
boundary ontour ordered aording the orientation of that boundary ontour.
Fourth, aording the denition, the struture of Cardy-Frobenius algebra H inludes
ommutative equipped Frobenius algebra A, equipped Frobenius algebra B, homomor-
phism φ : A→ B and element U ∈ A. Linear forms lA : A→ C and lB : B → C are those
that used in the denition of equipped Frobenius algebras (see setion 4.1).
Denote by KA ∈ A and KB ∈ B Cazimir elements of A and B respetively. K
g
A is
just g-th power of the element in algebra A. All those elements for the algebra H were
desribed in setion 4.3.
Theorem 5.2. (i) Let Ω be an orientable surfae (ε = 1). Then we have:
H(Ω, {αp}, {βq}) = lB(φ(α1...αmK
g
A)β
1
1 . . . β
1
m1
KBβ
2
1 . . . β
2
m2
. . .KBβ
s
1 . . . β
s
ms
)
(ii) Let Ω be a non-orientable marked surfae. Then we have:
H(Ω, {αp}, {βq}) = lB(φ(α1.....αmU
2g)β11 . . . β
1
m1
KBβ
2
1 . . . β
2
m2
. . . KBβ
s
1...β
s
ms
)
Proof. The theorem follows from [1℄, theorem 4.4. 
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